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DEFORMED COMMUTATORS ON QUANTUM GROUP 
MODULE- ALGEBRAS 

A. O. GARCfA 

Abstract. We construct quantum commutators on module-algebras of quasi- 
triangular Hopf algebras. These are quantum-group covariant, and have gener- 
alized antisymmetry and Leibniz properties. If the Hopf algebra is triangular 
they additionally satisfy a generalized Jacobi identity, turning the module- 
algebra into a quantum-Lie algebra. 



The purpose of this short communication is to present a quantum commutator 
structure which appears naturally on any module algebra A of a quantum group 
H. In section |l| we write down the main properties we require from a generalized 
commutator on a quantum group module-algebra, and we give its definition. In sec- 
tion H we prove a theorem collecting the main properties of this algebraic structure. 
Finally, in section ^ we develop an example, showing some explicit calculations for 
the reduced SLq{2,C) quantum plane. We refer the reader to the Appendix for 
notation and some basic facts on quasi-triangular Hopf-algebras. 

1. The g-COMMUTATOR 

Let H he a quasi-triangular Hopf algebra. Take A some H-module-algebra (a left 
one, say). As usual, we will denote the action of h G H on a G A hy ht> a, and the 
coproduct using the Sweedler notation Ah = hi®h2- Being a left-module-algebra, 
of course h \> (ab) = {hi > a) (/12 >h). As our main goal is to define a covariant 
commutator for which some generalized Leibniz rule holds on both variables, a 
natural way to start is proposing a deformation of the usual [a, h] = ab—ba structure 
valid on any associative algebra. The deformation we start with is 

(1) [a,b]^ = m o (1 - x) {a ® b) 

= ab — TO(x(a (8) b)) 

Here m is the product on A and the linear map 

X : A(E)Ai — > A(g)A , 

which replaces the standard transposition operator t, needs to be determined. Later 
on, we will sometimes use the generic decomposition 

(2) x(a 6) ^ <^aib) ® Ci {ci} vector space basis of V 
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Clearly, the maps tr' have to be linear in both a and b. 

The most basic property we require the commutators to satisfy is some ade- 
quate generalization of the Leibniz rule, on both variables. Such a rule means that 
commuting the first (say) variable a to the right through a product be must be 
equivalent to commuting it in two steps, first through b and then through c. Ex- 
pressed in terms of the map Xi which generalizes and deforms the permutation, this 
would read 

Xo(l(g)m) — (m (g) 1) o (1 ® o (g) 1) 

Xo(m®l) — {1 iSi m) o (x 'Syi I) o (1 ^ x) 

where the second relation come from commuting the second variable c to the left 
through a product ab. 

Note now the analogy between the above conditions and the ones required on 
the braiding 

Xv,w ■■ V (^W < — >W (SiV 
of a braided monoidal category. These are 

Xv,wm = (1 <8 xv.,u) o (xv,w <S) 1) 
XvtS)W,u = ixvM 1) o (1 (g) xw,u) 

and illustrate the fact that moving an element of V to the right through W (S) U 
(resp. an element of U to the left through V (g W) should produce the same result 
if it is done in one or two steps. Note that V, W and U are not even vector spaces 
in the general case, and that our map x a-cts on an algebra. However, remembering 
the standard result that shows that the category of _ff-modules of a quasi-triangular 
Hopf-algebra H is braided (see [0, for instance), we take here the same braiding 
as an Ansatz and we will show in the next section that it satisfies the required 
conditions. 

Concretely, we take 

(3) x(a<8)6) = (i?2 > 6) g> (i?i > a) 

where 

R = Ri®R2 

is the _R- matrix of H (c.f. Appendix). Of course, a generic sum of the type R = 
J2k ^1 ® ^2 is understood. Note that wc could also use the second quasi-triangular 
structure R, obtaining a map x which will differ from x unless H is triangular. As 
it is easy to see from the definition of R, this second map x is the inverse of the 
first one, 

X°X = X°X = ^ 
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The properties of R imply now 

xia<E)l) = 1(E) a 
X(l®a) = a(E)l 

and therefore 

[1, a]^ = [a, l]x -0 yaeA 
However, note that in general it will be 

[a , a]x ^ 

because x(a E) a) = (i?2 > a) ® (i?i > a) is a priori different from a (g) a. 



2. Properties of the commutator 

2.1. g-Leibniz rules. As was the aim when defining the deformed commutator, 
we have 

Lemma. The map [ , ]^ has a Leibniz property on the second variable reading 

(4) [a , bc]^ = [a,b]^c + [e, , c]^ 
or, equivalently, 

(5) X (a 8) be) = (m 1) (1 (g) x) (x (a ® 6) (g) c) . 

T/ie corresponding equations for the Leibniz rule on the first variable are 

(6) [ab,c]^ = [a , al{c)\ _^ ei + a[b , c]^ 
or, equivalently, 

(7) X (a^ ® c) (1 ® to) (x <g) 1) (a (g X ® c)) . 

The equivalency between, say, and (^) is straightforward keeping in mind 
that cr^(6) g) e = x(q^ ® ^) a-nd the definition (0). Using the explicit notation (||), 
the above properties translate into 

al{bc) = a:'(6X,(c) 

and 

respectively. 

We only write down here the proof of (||), the one of (Q) corresponds to a trivial 
alteration of the former. Expand 

X (a g) be) = (i?2 > [he)) ® [Ri > a) 
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Considering (|l8|), this gives 

X(a(^bc) = (m (g> I) {AR2 ® Ri) > {b c (g) a) 
= T {1 (g) m) {R13R12 > {a (g) b (g) c)) 

Rewriting the action of R12 in terms of %, and using the trivial result r (1 m) = 
(to 1) (1 r) (r 1), we find 

X (a ® 6c) = (to 1) (1 ® t) (t (g) 1) (i?i3 t> (r [x (a (g) b)] (g c)) 

= (TO(g)l)(l®T)(i?23i>(x(a®&)<8)c)) 

= (m 0) 1) (1 ® x) (x (a ® 6) (g) c) 

which is the intended result. 

2.2. Covariance. We will now prove 

Lemma. The commutator [ , ]^ is quantum-group covariant, in the sense that 

(8) ht>[a,b]^ = [hi>a, h2>b]^ . 

Using the definition of the commutator and the quantum group action properties, 

ht>[a,b]^ = ho {ab - {R2(>b) {Rit> a)) 

= {hi> a) {h2>b) - m[{AhR'^)> {bg a)] 

But according to ( [TtI ) we see that the last term can be rewritten 

m[{AhR^)t>{b(E)a)] = m t [{A°p h R) > (a (g) b)] 
= mT[{RAh)o (aigb)] 
= X [A/i > (a (g) 6)] 

Therefore 

h\>[a,b]x = m (l ~ x) > {a (g b)] , 
which coincides with (||). 

2.3. g- Antisymmetry. Generalizing the classical antisymmetry of a commutator, 
we now have 

Lemma. The commutator [ , ]^ is q- antisymmetric, this meaning 

(9) = -[A^{x{a®b)) 

Note that in the RHS we have the deformed commutator [, ]^ given by the 
opposite quasi-triangular structure R. The proof is simply expressing the fact that 
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X and X are inverse maps: 

[a,b]^ = m {1 - x) {a b) 

= -m {1 ~ x) Xia^b) 

If the quantum group H is triangular, R = R and a same and unique commutator 
appears in 

2.4. Conjugacy properties. Let us now analyze the conjugacy properties of the 
commutator with respect to a star operation on A. Assume 

*H : iJ I — > H 

is a Hopf-star on H , and 

★a : A I — > A 
is a compatible star on A, in the sense that 

(10) h>{a*^) = [{Sh)*">a]*^ . 

Then we can analyze the conjugacy properties of the commutator. From now on 
we drop the indexes on as there is no confusion possible. 

Lemma. If R is anti-real meaning 

(11) R* = R~^ , 
then 

[a,b]l = [b* , a*]^ . 

For a real R, i.e. such that 

(12) R* = r(i?) , 
the result is 

[a, 6]* = [b* , a\ . 

The quantum plane example shown in section ^ corresponds to the first possi- 
bility. The proof goes as follows: 

[a, 6]* - b*a* - {Ri > a)* (i?2 t> b)* . 

Considering first (^o|), and using next that {S ® S) R — R, we obtain 

[a,b]l = b^a*-{{SRiTt>a*){iSR2T>b*) 
= b*a* ~m[R*> (a* (g> b*)] 
= TO [1 - r o (r (R*) t> ■ )] {b* (g) a*) 

For a real R (resp. anti-real), r (i?*) = R (resp. — R) and the lemma follows. 

2.5. Quantum Lie algebra structure and Jacobi identities. Having defined 
a generalized commutator with Leibniz and antisymmetry properties, we could now 
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inquire about the relationship between this structure and the one provided by a 
quantum Lie algebra Following this reference, a quantum Lie algebra is defined 
by relations 

(13) e^Bj - a^'' emCk = C^j 

among vector space generators {e^} of the space. The matrix cr-"'' should satisfy 
a Yang-Baxter equation, and the structure constants C^^ have to obey equations 
(2), (3), and (4) of |Q, corresponding to generalized Jacobi and Leibniz properties. 
Comparing (^3|) with (|^) we see that we must take 

aTj^ em®ek = x(ei ® e^) 

and 

Remark also that the Yang-Baxter equation (^9|) implies for x the following relation: 

(14) (1®X)(X®1)(1®X) = (X® 1)(1®X)(X®1) ■ 

The proof is straightforward. Now using our (^, (^), and (^ it is straightforward 
algebra to see that the conditions (3) and (4) of |3j are satisfied. 

Condition (2) of |^ corresponds to the Jacobi identity of the quantum Lie alge- 
bra, and we have not yet analyzed such a property for the commutators [ , 

The usual Jacobi identity can, a priori, be generalized in several possible ways. 
However, in order to maintain the parallel with the g-Lie algebras of we take 
here the generalization 

(15) - f-J->-]J °(1®X) 



X 



X 



X 



which corresponds to their equation (2). After using the Leibniz properties, (|l5| ) 
translates into 

{i-(x0i)(i®x)}{i-(x®i)} = {i-(i®x)(x®i)}{i-(i®x)} 

+ {1 - (x ® 1) (1 ® x)} {1 - (x ® 1)} (1 ® x) 
Making use of the Yang-Baxter equation for x (^^^ S"^*' 

= {(x®i)-(i®x)(x«'i)}(i-(i®x')) 

Therefore, the Jacobi identity is satisfied only in the case x^ = 1; i-e., if is a 
triangular Hopf algebra. 

All the above results can be collected in a 



Theorem 1. Let A be a left- module- algebra of a quasi-triangular Hopf algebra H , 
and take [ , ]^ the quantum commutator on A defined by ^ and Then [ , ]^ is 
quantum-group covariant and has generalized antisymmetry and Leibniz properties. 
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// the H is triangular, then they additionally satisfy a generalized Jacobi identity, 
turning the module-algebra into a quantum-Lie algebra. 



3. The quantum plane example 
Take the quantum plane algebra A generated by x and y such that 

xy = qyx, geC, q^O . 

On A we have the action Q of the quantum enveloping algebra H — Uq{sl{2,C)) 
generated by K, K~^, X_with relations 

KX± = g=^2 x^K 

Additionally one can take the complex parameter q to be a root of unit, q^ = 1 
for some (odd) integer N. In such a case one can get non-trivial finite dimensional 
algebras by taking the quotient of the above ones by the following ideals: 

= 1 
2/^ = 1 

and 

= 1 

= 

Of course now = K^"^ . To be concrete, we take the value iV = 3, thus = 1. 
In this case the i?-matrix of Uq{sl{2, C)) is given by 

(16) R^^RkRx, 
where 

+ q^ {K + ®K) +qK (E)K + qK^ (^K^ 

Rx = l(E)l + {q-q-'^) X^(x)X+ + 3qXl^Xl 
Applying formula (^ we can calculate the following elementary x's: 

x{x Ox) = q^ X ® X 

X{y®x) = qx®y 

x{x®y) = qy ® X + {(f' - l) X ® y 

x{y®y) = q^y®y 

The quantum plane algebra can be extended in a covariant way introducing deriv- 
ative operators dx and dy Q . We refer the reader to Q for the complete algebraic 
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structure. Including these derivatives, the braiding is: 



x{dx «> x) 


= qx®dx 




X{dy «) x) 


= x®dy 




w y ) 


— q y ^ ^x 




xy^y ^ y) 


— \q ^ ^ ^x 1 


-nil (V) 


x{x ® dx) 


= q dx <E) X + {q'^ - 


q)dy ® y 


x{v®dx) 


= q^ dx®y 




x{dx ® dx) 


= q^ dx® dx 




X{dy ® dx) 


= {q^-\)dy®dx 


+ qdx® 


Xix ® dy) 


= q^ dy®x 




x{y®dy) 


= qdy®y 




X{dx ® dy) 


= qdy®dx 




x{dy ® dy) 


q^ dy® dy 





dy 



Using the relations between derivatives and coordinates found in we can now 
display a few non-trivial commutators. We have, for instance, 



[a;,a;]^ = x —m,{x{x®x)) 

[dx,x]^ = dxx - m {x {dx ® x)) 

= l+{q^-q) xdx + {q^ - l) ydy 



[x, dx]^ = xdx~m (x (x ® dx)) 



Remark. Note that one could think about using the matrix representation of the 
reduced quantum plane at g"^ = 1 as a way to define commutators. Taking the 
explicit 3x3 matrices [|[ || 

/ 1 \ / 1 

x== q-^ y= ooi 

V y \ 1 

we see that our above deformed commutator has nothing to do with the commutator 
of these matrices. In fact [x,x] = (as matrices), whereas [a;,a;]^ = (l — q^) x^ , 
as we saw above. Of course, the point is that the commutator defined using these 
matrices doesn't have the covariance property of our deformed commutator. 
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4. Concluding remarks 

The main results of this communication are collected in Theorem |], involv- 
ing the existence of a covariant commutator structure on any module-algebra of a 
quasi-triangular Hopf algebra. This commutator turns the module-algebra into a 
quantum Lie algebra in the case that the quantum group acting on it is triangu- 
lar. The fact that the deformed Jacobi identity (|l^) is obeyed only for a triangular 
Hopf algebra seems to be independent of the way we choose to generalize the Jacobi 
identity. 

Acknowledgements. The author is deeply indebted to O. Ogievetsky and R. Co- 
quereaux for their comments and discussions, and gratefully acknowledges the Max- 
Planck-Gesellschaft for financial support. 

Appendix: quasi-triangular Hope algebras 

We remember here that a quasi-triangular Hopf algebra H has, by definition, 
an element R € H ® H with the following properties: 



(17) A°P/i = RAhR-^ 

(18) (A®l)i? = R13R23 

{1^A)R ^ R13R12 

It follows that R satisfies the Yang-Baxter equation 

(19) R12R13R23 — R23R13R12 ■ 

The algebra H automatically has a second quasi-triangular structure given by the 
related element 

(20) R^t{R-^) , 

where r is the permutation of tensor product factors. If both R and R coincide one 
says that the Hopf algebra H is in fact triangular. Two additional basic properties 
of the i?-matrix which we need in our proofs are 

(e® l)i? = (l«)e)i? = 1 , 
{S(SS)R = R. 
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